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Accuracy of the Global Positioning System-Derived
Acceleration Vector
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The accuracy with which acceleration can be determined from global positioning system (GPS) data has been
investigated. This has been done to evaluate the possibility of using the GPS-derived acceleration as an attitude
reference or in drop-sphere soundings of the upper atmosphere. The accuracy of the GPS acceleration signal has
been investigated in two ways. One way has been to mathematically determine the acceleration error levels induced
by receiver noise and by selective availability. The other way has been to use actual receiver data for receivers with
known accelerations. Experimental acceleration accuracy of 0.009 g has been obtained at a 0.2 Hz bandwidth. The
predicted achievable accuracy at a 1.6-Hz bandwidth is 0.03 g.

Nomenclature
A = large coefficient matrix in least-squares estimation
problem
a = acceleration vector or acceleration along line of sight

to a GPS satellite
e, = selective availability range-rate error from the receiver
to a given satellite

e, = selective availability range error from the receiver
to a given satellite

f = measured value of the integrated carrier phase

g = gravitational acceleration vector

J> = primary oblateness coefficient in spherical harmonic
model of Earth’s gravity field

N = number of 0.001-s pseudorandomcode periods
in a least-squares problem

nioNO = carrier phase error due to ionospheric effects

Nyp = carrier phase error due to multipath effects

NRCVR = carrier phase error due to receiver noise

AN = carrier phase error due to selective availability

Py = steady-state covariance matrix of the error vector
lese]

r = position vector or range to a GPS satellite

R.q = equatorial radius of the Earth

t = time

v = velocity vector or range rate to a GPS satellite

w(t) = Gaussian white noise process with statistics
E{w(t)}=0and E{w(t)w(7)}=05(t — 1)

y = sensed acceleration, inertial acceleration minus
gravitational acceleration

At = time interval between velocity outputs from a GPS
receiver

A = L, carrier wavelength

u = geocentric gravitational constant

PSA(n) = autocorrelation of selective availability range error,
Efe.(t)e,(t —0.001n)}

o, = total standard deviation of the error in the GPS-derived
LOS acceleration

o,revry = component of ¢, caused by receiver noise

Tu(sa) = component of ¢, caused by selective availability

ORCVR = standard deviation of ngcyr
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T = filtering time lag

Ty = time lag inherent to a GPS receiver’s velocity
calculation

Dg(1) = state transition matrix for the error vector [e,; e, |

] = integrated carrier phase of the signal from a GPS
satellite

WEg = Earth’s rotational angular velocity vector

Subscripts

body = vector in the body-fixed coordinate system

ECEF = vector in the Earth-centered, Earth-fixed coordinate

system with + Z pointing to north pole and + X
pointing to equator at the Greenwich meridian
i = i-axis component of vector in question
k, (k) = occurring at time #;

Superscripts

J = having to do with GPS satellite j, such as the range
to satellite j
A = estimated value of the quantity
I. Introduction

HE global positioning system (GPS) is a space-based radio

navigationsystem. It provides the ability to determine position
and velocity anywhere on the globe. In autonomous mode, position
is determined from time-of-flight measurements of the GPS signals,
and velocity is determined from their Doppler shifts. The system
consists of 24 satellites, a control segment, and a user segment.
A stand-alone user can determine position, velocity, and universal
time via passive receptionof the signals from four or more satellites.
For civilian users employing the standard positioning service, the
stand-alone accuracy of this system is on the order of 100 m in
horizontal position, 160 m in vertical position, 0.3 m/s in velocity,
and 0.34 psin time. Higher accuraciesare available to military users
who do not have to deal with deliberate signal degradation(selective
availability) and for civilian users operatingin a differential mode.!

Acceleration of a receiver can be deduced from the GPS sig-
nal. Acceleration is determined, effectively, by differentiation of
the velocity. Real differentiators also must filter out high-frequency
components to avoid excessive noise on the output. Therefore, the
differentiated signal will have some phase lag behind the true ac-
celeration.

Accelerationdeterminationis nota typical use of the GPS system.
Accelerations are used in inertial navigation systems only because
they can be directly measured. They allow position and velocity to
be deduced by integration. Position and velocity are already avail-
able from the GPS signals;thus, accelerationis not needed to derive
them.
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GPS-derived accelerationsare consideredin the presentpaper be-
cause, given sufficientaccuracy,they could be usefulin two different
applications.One applicationis to use the GPS-derived acceleration
of a falling sphere to determine winds and density in the upper atmo-
sphere. The other applicationis to use the GPS acceleration vector
as an attitude reference during atmospheric flight.

A falling sphere experimentinfers atmospheric parameters from
the aerodynamic acceleration of the sphere? The aerodynamic ac-
celeration can be determined by measuring the inertial acceleration
and subtracting out the gravitational acceleration. It would be very
useful if a GPS receiver could be used to determine the inertial
acceleration of a falling sphere to sufficient accuracy.

The GPS-derived acceleration vector could serve as an attitude
referenceif it were used in conjunction with a three-axisaccelerom-
eter. The basicconceptis to determine the sensed accelerationvector
y in two different coordinate systems and to use it as a reference to
relate the attitude of one coordinate system to the attitude of the
other. Such a single-vector measurement gives two-axes worth of
attitude information.

The sensed acceleration vector is defined to be the output of a
proof-mass accelerometer, that is, the inertial acceleration minus
the gravitational acceleration. In a vehicle’s body reference frame,
VECLOT Yyoqy can be measured directly by a three-axisaccelerometer.
This same vector can be constructed in an Earth-fixed reference
frame by using the outputs of a GPS receiver:

Yecer = @yecer — &ecer(FECEF)

= agcpr + 2wg Xvecer + W X(Wg Xrecer) — gecer(Fecer)

)]

The position recgr and the velocity vgcgr come directly from the
GPS receiver. The receiver’s Earth-relative acceleration @gcgr is
determined by filtered differentiation of vgcgr (or by an equivalent
operation, as will be described). The gravity vector ggcgr (Fecer) 18
determined from a gravity model.

The directions of the two vectors ygcgr and yyoqy determine two
of the three Euler rotation angles for the transformation from Earth-
fixed coordinates to body coordinates. In an aircraft or a ship, these
vectors nominally point toward nadir. In this case they provide a roll
andpitchattitudereference,and the remainingunknownEuler angle
is yaw. In the case of a turn, an aircraftloop, or almost any other ma-
neuver, the sensed acceleration vector still provides two-axes worth
of attitude information, but the two axes are not necessarily roll and
pitch. The only situation in which this vector would fail to provide
an attitude reference would be a free-fall maneuver, when ygcgr and
Yboday are both vectors of zero length. This limitation precludes the
use of this concept on a satellite, where free fall is the norm.

To get full three-axis attitude, roll, pitch, and yaw, an additional
reference vector would be needed.’ One possible additional refer-
ence vector is the Earth’s magnetic field. Its use would require the
addition of a magnetometer to the system. Another possibility is to
use the aircraft velocity vector along with air data and an estimate
of the wind vector; this is similar to what has been done in Ref. 4.

The goal of the present work is to determine the possible accuracy
of GPS-derived accelerationfor a stand-alonecivilian receiver. The
accuracy will be determined theoretically from models of selective
availability (SA) and receiver noise. It will also be determined ex-
perimentally fromtests in which the receiver’s accelerationis known
independently.(Note that SA is a deliberate degradationof the GPS
signal’s accuracy for non-U.S.-militaryusers. It has beenintroduced
to deny use of the full accuracy of the GPS system to adversaries
of the United States. It is normally the principal source of position
and velocity errors for an autonomous civilian receiver.)

GPS-derived accelerations have already been considered in two
contexts. One is that of airborne gravimetry. References 5 and 6 are
examples of work in this area. Airborne gravimetry requires accel-
eration accuracies on the order of 107° g to accurately map out the
gravity field by differencing the GPS-derived inertial acceleration
with the output of a proof-mass accelerometer. The required accu-
racies are achieved by using differential GPS and by averaging the
results over time periods on the order of 1 min. The resulting long

delay times are unacceptable for purposes of drop-sphere experi-
ments or real-time attitude determination, but then again, the levels
of error achieved by these techniques are smaller than would be
needed for these applications.

Other works have considered the real-time computation of the
GPS-derived acceleration of a stand-alone civilian receiver*” In
fact, Ref. 4 also considersthe possibility of using the accelerationto
determine attitude-likequantities,quantities which it calls “pseudo-
attitude.” The contribution of the current work is the following: it
is the first to determine and report the accuracy with which GPS
acceleration can be determined in real time.

The body of this paper discusses GPS acceleration and its accu-
racy in three sections. Section II develops a real-time differentiator
for acceleration determination, presents some GPS noise models,
and uses the noise models to analyze the differentiator’s acceleration
accuracy. Section III presents experimental acceleration accuracy
results. Section IV summarizes the analytical and experimental
acceleration accuracy results and briefly discusses the suitability
of GPS-derived acceleration accuracies for the drop-sphere and
attitude-determinatian applications. Section V concludes the work.

II. Mechanism for GPS Acceleration Determination
and an Analysis of its Accuracy

To determine acceleration from the GPS signal it is necessary
to differentiate measured signals. Differentiation tends to amplify
noise. Therefore, the differentiator must include filtering so as to
limit the noise effects on the derived acceleration.

There are a number of noise sourcesin the GPS signal. One source
isreceivernoise, whichincludes thermal noise and digitizationerror.
Another error source is SA. Three other sources are multipath ef-
fects,ionosphericeffects, and vehicle dynamics. Multipath refers to
thereceptionofreflected signals. The GPS signaland receiveranten-
nas are circularly polarized to minimize multipath effects, but they
still can cause significant system errors. lonospheric effects arise
from signal propagation delays that occur in the ionosphere. Dy-
namic motion of the user’s receiver will cause accelerationerrors if
the acceleration has time variations with significant high-frequency
content. This erroris caused by the filtering that must be used in the
differentiator to mitigate the effects of other noise sources.

Batch Differentiator to Determine GPS Line-of-Sight Acceleration

The GPS acceleration calculation starts with a determination of
the acceleration of the line-of-sight (LOS) vector from the receiver
to a given GPS satellite. The LOS accelerations to four or more
GPS satellites can then be combined with satellite ephemerides to
simultaneously estimate the vehicle’s acceleration vector and the
frequency drift rate of the receiver clock.

The LOS acceleration is determined from the rate of change of
the Doppler shift of the GPS signal in question. The fundamental
measurement that is made by the GPS receiver is the integrated
carrier phase of the signal from the jth GPS satellite, ¢/(¢). It is
the electrical phase of the difference between the GPS L, carrier
signal and that of a 1575.42-MHz reference oscillator onboard the
receiver. To determine the LOS acceleration, it is necessary to take
the second derivative of the integrated carrier phase and then scale
it by the carrier wavelength.

One way to take this second derivativeis to solve a batch estima-
tion problem of the form

¢/ (t-n+1) L (—n+1— 1) %(tk—N+l 1)’
¢ (N +2) 1 (onsa—1) 3(h-ns2— 1)
AP hnes) | =11 (i yia—1) T(hy+3—1)°
¢’ (1) 1 0 0
Arkj Arkj
X v,{ =A v,{ 2)
aj aj



534 PSIAKI, POWELL, AND KINTNER

for the delta range, LOS velocity, and LOS acceleration to GPS
satellite j. The A matrix on the extreme right-hand side of Eq. (2)
is a short-hand notation for the large N X 3 matrix that appears in
the middle expression of the equation. If A is expressed in meters
per cycle, ¢ in cycles, and ¢ in seconds, then the LOS accelera-
tion a] will be expressed in meters per second squared. Note that
A =0.19 m/cycle for the civilian L, GPS signal.

The batch estimation problem in Eq. (2) can be solved via a least-
squares technique. The solution takes the form

/(v e1)
A,ck/ ¢ (te-n+2)
\31{ =(ATA)_1AT A I (t-n+3) (3)
al f
¢/ (1)

This batch estimate of the LOS acceleration 4] amounts to a fil-
tered second derivativeof the integrated carrier phase. The estimator
assumes thatthe accelerationis constantover the batchinterval from
ty— v +1 to f. If the accelerationis time varying at a frequency that
is low comparedto 1/(t, —t, _ y + 1) rad/s, then, effectively, there is
a time delay between the actual accelerationand the @ output. This
time lagis 7 =(# —t; -y +1)/2 =0.0005N s.

Other differentiator implementations can be used to determine
the accelerationof a GPS LOS vector. In choosing a differentiation
scheme, one must be careful that the differentiatorefficiently filters
out noise. A poor choice of differentiator can result in a greatly
increased noise level in the estimated acceleration. This particular
implementation has been chosen for study for two reasons. First, it
is relatively simple to understand. Second, it closely approximates
an optimal Kalman filter in the amount of noise that it transmits for
a given effective time lag.

One might question the use of a double-differentiatin operation.
On first glance, it might seem wiser to single differentiate the re-
ceiver’s Doppler shift. Effectively, these are identical operations.
The Doppler shift is not a fundamental measurement of a GPS re-
ceiver. A receiver’s Doppler shift computation, which is normally
carried out as part of a phase-locked loop, amounts to a differ-
entiation of the integrated carrier phase measurement. In recog-
nition of this, the present analysis uses a receiver’s fundamental
measurements.

Noise Models

The integrated carrier phase signals used in Egs. (2) and (3) will
be corrupted by noise. The measured value of the integrated carrier
phase will be used in place of ¢ in Eq. (3). Itsrelationshipto ¢/ (#;) is

fl =67 (%) + nrevray + nsaw) + Bmeg) + fonow) 4)

The noise terms ngcyr, Msa, Mvp, and nyono affect the accuracy
of the GPS-derived acceleration. The effects of the receiver noise
and of the SA noise can be modeled and analyzed. The effects
of multipath noise and ionospheric noise are too hard to model;
they will be neglected. Thus, the resulting accuracy analysis will
be optimistic in terms of the effects on the derived acceleration of
multipath and ionospheric errors.

The receiver noise is modeled as a Gaussian, zero-mean,
discrete-time, white-noise random process. Its statistical model
is E{”RCVR(I()} =0 and E{”RCVR(}()”RCVR(I)} = Gl%CVR&d . The re-
ceiver noise is statistically uncorrelated with the SA noise; that is,
E{nrcvrauynsany } =0.

The SA model is a correlated random noise model. A second-
order Markov process can be used to model this error source®

[ 0 1 e, 0
= + w  (5a)
é, —0.000144 —0.0170] | e, 0.0508

Nsagy = ex(f)/ A (5b)

where e, is in meters and e, is in meters per second and where w ()
is a white-noise process of unit intensity.

This model has been adopted as a standard for describing SA.
It is known to produce velocity and acceleration error predictions
that are noisier than the real SA effects?® Therefore, the results that
will be derived using this model will probably be conservative;that
is, they will probably show poorer accuracy than can actually be
achieved by a real system.

Effects of Satellite Geometry

The effects of LOS acceleration errors on a vehicle’s vector ac-
celerationerrors depend on satellite geometry. This geometry factor
is summarized by a quantity known as the geometric dilution of pre-
cision (GDOP).! For modern receivers that have 10-12 channels,
GDOP is often less than 3 under good satellite viewing conditions.
Such low values of GDOP imply that per-axis acceleration error
statistics will be on the order of the LOS accelerationerror statistics.
Therefore, the per-axis accelerationerror statistics can be estimated
by combining the per-channel range errors from Eq. (4) with the
model of the batch differentiatorin Eq. (3).

Calculation of Acceleration Error Statistics

The batch differentiatormodel in Eq. (3) and the noise models in
Eqgs. (4-5b) can be combined to yield predicted standard deviations
of the receiver-noise-inducedand SA-induced acceleration errors.
The analysis neglects nypg, and nionoa in Eq. (4). It uses fi! from
Eq. (4) to replace ¢/(#,) in Eq. (3). This is done for every value of
n fromk — N + 1 up to k. The modified version of Eq. (3) is then
used to compute variances using standard techniques. The resulting
acceleration variance is

-1
o =[0 0 11(ATA) AT § [X ooy

PSA(0) PsA(1) PSA(N-1) 0
+ | Psaay  Psao) A(AT A)_1 0
. PsAa) 1
PSA(N-1) Tt PsA(1) PsA©)
(6)

This analysis assumes that all of the measurement sample times,
oo N+1s l—N+2s li—N+35 - -+ Iy, are equally spaced at 0.001-s in-
tervals, which is a reasonable assumption.

The quantity psa(, in Eq. (6) can be computed using the SA
model in Eq. (5a). Suppose that Ps, is the solution to the following
Lyapunov equation:

0 1 0 17
Psa + Pgp
—-0.000144 -0.0170 —-0.000144 -0.0170

o 0 -
“ 10 (0.0508)2
and that
Dgu(2) = 0 ! t (8)
salll =P 0000144 —0.0170
Then
1
PSA(n)=[1 0]®SA(0~001’1)PSA 0 )

Predicted Acceleration Accuracy

The acceleration error standard deviation o, has been calculated
as a function of the differentiator’s time lag 7 =0.0005N . Figure 1
presentsa plotof o, (in g units) vs 7(in seconds). Also shown are the
SA andreceiver-noisecomponentsof o,. The receiver-noisecompo-
nenthasbeen calculatedbased on the assumptionthat crcvg = # cy-
cle (10 electrical degrees of phase). This value is consistent with
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Fig.1 Theoretical standard deviationsof the GPS-derived acceleration
as functions of the differentiator time lag.

experimental data from a GPS receiver that has 2-bit digitization of
its down-converted RF signal and a coherent delay-locked loop for
pseudorandom code tracking.

Accordingto Fig. 1, SA noise dominates the accelerationerror for
differentiator time lags above © =0.13 s, and receiver noise dom-
inates at shorter time lags. It is possible to derive simple models
of these two error standard deviations that are valid for 0.05 s <
7 < 10 s. These simple models are o,rcvr) =7.9 X 107%/ 725 and
Ou(sA) =0.043/1%3, where  is expressedin seconds and both stan-
dard deviations are expressed in meters per second squared. Note
that the o, (rcvr) formula can be rescaled for a receiver whose phase
noise intensity is different from the value that has been assumed
here (orcvr = 3—16 cycle).

This analysis indicates that reasonable accelerationaccuracy can
be had for differentiator time lags as low as 7 =0.1 s. At this time
lag, the error standard deviation is about 0.03 g. This time lag cor-
responds to an acceleration estimation bandwidth of approximately
1/(270.1) =1.6 Hz. As bandwidth increases from this value, the
acceleration accuracy degrades very rapidly due to the effects of
receiver noise.

III. Experimental Tests of Acceleration
Determination Accuracy

The achievable acceleration accuracy can be investigated experi-
mentally by placinga GPS receiveron a platform whose acceleration
is known by some independent means. The GPS data are used to
derive acceleration, and this acceleration is compared to the inde-
pendently known acceleration to evaluate the accuracy of the GPS
technique. The results of such studies are reported in Refs. 5 and 6
for differential GPS systems. New tests were needed to find out the
effects of SA on acceleration-determimtion accuracy for a stand-
alone civilian receiver. Also, the new tests examined much shorter
averagingperiodsto explore whether higher-bandwidthacceleration
estimation will be feasible in the face of receiver noise.

Two studies have been conducted. One was for a GPS receiver
that flew on a sounding rocket. That rocket flew out of the atmo-
sphere so that there were no significant accelerations other than
those produced by gravity. Therefore, it has been possible to deduce
the correct system acceleration from a gravity model. The other
study was for static receivers. The acceleration of a static receiver
is known to be zero.

Sounding Rocket Tests of Acceleration Accuracy

The sounding rocket test used data from the NASA PHAZE II
mission. This sounding rocket was launched to study the physics of
the auroral zone. It flew to a maximum altitude of 945 km and stayed
aloft for more than 1000s. It carried a six-channel GPS receiver that
output rgcgr and vecgr approximately once every second.

The GPS acceleration accuracy for this mission has been eval-
uated by calculating agcgr in two ways and comparing the re-

sults. The first way was by finite differencing of the velocity data,
VECEF(1)» VECEF(2)> VECEF(3)» - + - » VECEF(N)+
agcer(t) = [VECEF(k) — VECEF(k — 1)]/Atk (10)

This constitutes the GPS-derived accelerationin this case.

Equation (10) represents a significant departure from the GPS
differentiation mechanization of Eq. (3). Use of this variant differ-
entiation mechanization has been necessitated by the form of the
available data. The total time lag for this acceleration calculation
includes the lag of the GPS velocity calculation, 7y ; the total lag
is T =(0.5At;, + ty). The value of At is 1.0 s for most of the
PHAZE 1II data set and ty =0.25 s for the receiver in question.
Therefore, © =0.75 s for most of the data set. Despite the differ-
ence between the acceleration calculation in Eq. (10) and that in
Eq. (3), the theoretical acceleration error standard deviation is ap-
proximately the same function of 7 as is shown in Fig. 1 for the
range of 7 values that occurred in the PHAZE II flight. This is true
because SA errors dominate at such large time lags.

The truth value of agcgr was computed by using

apcer = g(rpcer) — 2wg X Vpcpr — Wi X (W Xrpepp)  (11)

which assumes that the rocket’s inertial accelerationwas due only to
gravity. This assumption was analyzed and found to be reasonable
for the part of the flight when the boosters were spent and the rocket
was well outside of the sensible atmosphere, above 160 km. During
this flight phase, the predicted errors caused by this assumption are
orders of magnitude smaller than the expected errors in the time-
differentiated GPS velocity signal.

The rgcer and vecgr values that have been used in Eq. (11) are
those from the GPS receiver. Althoughthese values are noisy, the ef-
fectof their errors on the truth value of agcgr is negligible compared
to the expected errors in the finite difference acceleration.

The gravity model that was used in Eq. (11) included the — /2
central force term and the J, oblateness effects:

g(recer) =

2 2
2 Req (rECEF)z 1

- —_— 11 =45/ - =
ECEF{”"ECEF'P} 2|:”rECEF”i| ( Ilrecerll 3

2

+3J{ H }{ R, }{(rECEF)Z}
2

lrecerll) L llrecezl lrecerI1*

(recer)x (Fecer):
X (recEr)y (FECEF): (12)

—{ (recer); + (Fecer)} }

The J,-induced acceleration magnitude is on the order of the
expected finite difference GPS acceleration errors. This effect had
to be included in the truth model to make its accuracy better than
that of the data that were being evaluated.

The acceleration results for this case are shown in Figs. 2-4.
Figures 2-4 show the GPS-derived values agcer(#;) at the intersam-
ple times 0.5[#, + #, _,]. This has been done to remove the effects of
the Eq. (10) differentiatordelay from the presentdiscussion. As can
be seen from Figs. 2-4, the truth and GPS-derived curves fall on top
of each other. The only noticeable difference is the high-frequency
noise in the GPS-derived acceleration curves.

The curves in Figs. 2-4 were originally generated with a truth
acceleration whose gravity model did not include the J, Earth
oblateness terms. In these original curves there was a noticeable
low-frequency error between the theoretical and experimental ac-
celeration curves. That error was eliminated by inclusion of the J,
terms. Thus, the GPS-derived accelerations are sensitive enough to
see the J, effect.

Except for the glitches that occur in the plots before t =200 s,
the differences between the theoretical curves and the experimen-
tal curves are less than 0.009 g, which is very good performance.
The larger glitches that occur before + =200 s are probably real
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Fig.2 GPS-derived and truth ECEF x-axis acceleration time histories
for the PHAZE II sounding rocket.
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Fig.3 GPS-derived and truth ECEF y-axis acceleration time histories
for the PHAZE II sounding rocket.
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Fig.4 GPS-derived and truth ECEF z-axis acceleration time histories
for the PHAZE II sounding rocket.

accelerations, perhaps due to deployments or separations; notice
how the large glitch at 7 = 175 s appears in Figs. 2-4. Alternatively,
they may have been caused by changes to the set of GPS satellites
that was used to generate the velocity solution.

These resultshavebeen compared to a theoreticalaccuracy model
similar to that shown in Fig. 1, but modified to take into accountthe
form of the GPS accelerationcalculationin Eq. (10). As an example,
Fig. 5 plots the time history of the differences between the GPS-
derived values and the truth values of the z component of agcgg. It
also plots the theoretical o, values as positive and negative curves.
The o, limits vary with time because there are variationsin the A,
sample intervals for this data set that cause variationsin the effective
7. Note that a receiver thermal noise level of orcyr = %6 cycle has
been assumed.

As can be seen in Fig. 5, the actual errors are mostly smaller in
magnitude than the predicted theoretical standard deviations. This
trend holds true for all three components of the acceleration. The
ratios of the experimental error standard deviations to the theoreti-
cal o, valuesare 0.41, 0.36,and 0.51 for the respective acceleration

ECEF Z-axis
acceleration error (g's)

0.01

T T T

Theoretical
1-o, limits

Error curve

0.005

-0.0051

-0.01

0 200 400 600 800 1000
t (sec)

Fig.5 Difference between GPS-derived and truth ECEF z-axis accel-
eration time histories for the PHAZE II sounding rocket.

components [@gcerly, [@rcerly, and [arcer].. Thus, the actual accu-
racy for this case is between two and three times better than that
predicted by the theoretical SA/receiver-noise model. The SA ef-
fects dominate the theoretical value of o, for the large t values that
occur in this data set; therefore, the PHAZE II data support the as-
sertion that the SA model in Egs. (5a) and (5b) is conservative with
regard to its predictions of SA effects on GPS-derived acceleration
accuracy.

This level of accuracy is very good. The standard deviations are
lessthan 0.0025 g peraxis. Thislevel of accuracyis due largely to the
long effective differentiatortime lag, ¢ =0.75 s, which averages out
much of the noise. For shorter time lags the accuracy will degrade,
but if these results are any indication, then actual performance will
be somewhat better than that predicted by theoretical analyses such
as the one that was used to produce Fig. 1.

Tests of Acceleration Accuracy Using Static Receivers

Static tests have been conducted using two different receivers,
a 10-channel receiver, receiver A, and a 12-channel receiver, re-
ceiver B. Each receiver was connected to a stationary antenna
mounted on the top of a building, and each produced outputs of
pseudorange and Doppler shift at a sampling frequency of 1 Hz.
These data were processed usinga MATLAB® software package to
determinergcgr and vecgr. Afterward, the vecgr solutions were finite
differencedto compute accelerationsas in Eq. (10). These accelera-
tions were compared to the known true Earth-relative acceleration,
which was zero for these cases. Any nonzero Earth-relative accel-
eration constituted an acceleration error.

These tests include the receiver noise, SA, multipath, and iono-
spheric error sources, but not the vehicle dynamics error source. The
multipath errors should be relatively low because of the antenna’s
location on the top of a tall building and because the antenna had
a good ground plane. Therefore, these cases should have had lower
acceleration errors than were found for the PHAZE II sounding
rocket.

Receiver A produced very good acceleration results. Operating
with 7 satellites and a GDOP of about 2.8, the standard deviations
for the ECEF x, y, and z accelerationerrors were 0.00035,0.00119,
and 0.00044 g, respectively. The maximum componentacceleration
error was 0.0037 g. As an example of these results, Fig. 6 shows a
staticreceiver-Acomputedaccelerationtime history along the ECEF
x axis. The expected per-axis standard deviation was o, =0.0048 g
at Aty =1s, 7y =0.25 s, and ogeyr = %6 cycle. (Note that the true
valueof 7, was notreadilyavailablefrom the receivermanufacturer.
The value 0.25 s has been used as a reasonable guess of 7. It is
reasonableto use a guess of 7, because g, is not strongly dependent
on 7y whenthe total  =0.75s.) Thus, the actual standarddeviations
were smaller than the theoretical values by factorsranging from 4.0
for the y acceleration component to 14 for the x component.

These results are better than for the GPS receiver data from the
PHAZE 1I sounding rocket flight. It is not clear why this is so.
Perhaps the lack of dynamic antenna motion caused receiver A to
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Fig. 6 ECEF x-axis component of the acceleration time history of a
static antenna as determined from receiver A data.
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Fig. 7 ECEF z-axis component of the acceleration time history of a
static antenna as determined from receiver B data.

perform better because it could not have had any time-lag-induced
error.

Receiver B producedpoor results. Operating under similar condi-
tions toreceiver A, receiver B’s ECEF x-, y-, and z-axis acceleration
error standard deviations were 0.028 g, 0.062 g, and 0.063 g, re-
spectively. Figure 7 shows an example of this receiver’s computed
ECEF z-axis accelerationtime history for a static antenna. These ex-
perimental standard deviations are between 5.8 and 13 times worse
than the theoretical value g, =0.0048 g that would apply if 7, were
0.25 s. These accuracies are also much poorer than those that have
been achieved by the PHAZE-II sounding rocket’s receiver and by
receiver A.

The poorresults forreceiver B highlightthe importance of proper
receiverdesignif one wants to determine accelerationfrom GPS sig-
nals. The receiver includes various feedback loops that allow it to
lock onto a GPS satellite’s signal and to track its pseudorandomcode
and Doppler shift. If these loops are designed poorly, then the result-
ing Doppler shift data will be very sensitive to receiver-generated
noise. This is the case with receiver B. It uses a frequency-locked
loop to track a GPS signal’s Doppler shift. Its frequency-locked
loop is designed to do a good job of maintaining lock, but it does a
poor job of filtering out the 1000-Hz-bandwidth thermal noise that
is presentin its correlator’s in-phase and quadrature accumulations.
Stated differently, receiver B’s equivalent velocity differentiation
time constant 7y is very small, approximately 0.01 s. Such a small
filter time constant allows a large amount of receiver noise to pass
to the velocity signal. This is a poor design if one wants to de-
termine acceleration because it has the worst of everything: large
noise because of a small 7y, but long delays because of a large At;.
Receiver B’s poor design effectively raises the level of the o, com-

ponent curve that is labeled receiver noise componentin Fig. 1. The
curve getsincreasedby a factor of about 100 for values of = near0.5.

IV. Summary and Review of Accuracy Results

The accuracy of the GPS-derived acceleration has been inves-
tigated using two techniques, one theoretical and the other experi-
mental. The theoreticalresults consideredonly the effectsof receiver
noise and SA. The experimental results considered two cases, that
of a sounding rocket whose inertial acceleration was known to be
that of the gravitational field and that of a static receiver whose
Earth-relative acceleration was known to be zero.

The theoretical accuracy results are summarized by Fig. 1, which
plots the acceleration noise standard deviation vs the accelera-
tion calculation’s time lag 7. The total theoretical error on this
plot consists of two components whose root-sum-square value
constitutes the total error. The receiver-noisecomponent can be ap-
proximated by the formula c,rcvr) =7.9 X 107*/ 7%, and the SA
component can be approximated as oysa) =0.043/1%7. Thus, the
total noise standard deviation can be approximated by the formula
0, ={6.2%X1077/7% + 1.8 X 1073/ 7}*3, where o, is in meters per
second squared and 7 is in seconds.

This theoretical accuracy result does not account for any dynam-
ics error induced by motion of the user vehicle, nor does it account
for multipath or ionospheric errors. The latter two error sources
have not been analyzed. The dynamics errors for a given appli-
cation can be estimated by considering the bandwidth of the user
vehicle’s acceleration spectrum. The dynamics-induced error will
have two components. For acceleration signals with a bandwidth
below 1/ 7 rad/s, the dynamic error will come in the form of a phase
lag of 7 s. The remaining error will equal the total power of the ac-
celeration signal that exists in the frequency band above 1/t rad/s.
It is recommended that GPS-derived acceleration be used only in
situations where this latter error source is negligible.

The experimental accuracy results test a limited portion of the
curve in Fig. 1. The portion that has been tested is near 7 =0.75 s
(At, =1.0 s and 7y =0.25 s). This is the portion of the curve
that is dominated by SA errors. The results indicate that, for a
well-designed receiver, Fig. 1 is conservative in this region. Ac-
cording to the experimentalresults, the actual error levels due to SA
effects may be 2-4 times smaller.

It is not known whether multipath or ionospheric effects get av-
eraged out to any significant degree when t =0.75, as in the exper-
imental data. If there is not much averaging, then the experimental
data indicate that these two error sources are not significant in com-
parison to the SA effect.

Although the low-7 portion of Fig. 1 has not been experimen-
tally verified, it is likely that Fig. 1 gives a good indication of the
type of performance that will be achievable by a receiver whose
phase-lockedloop has been optimized for purposes of acceleration
determination. This is true because Eq. (3) represents an optimized
differentiator and because the receiver noise calculation that went
into Fig. 1 used actual measured receiver noise levels in its deter-
mination of o,rcvr). For a receiver with a different level of phase
noise than that assumed to produce Fig. 1, the receiver noise com-
ponent curve in Fig. 1 can be rescaled to account for the receiver’s
different performance. Of course, this rescaling will be valid only
if the receiver in question has a phase-locked loop that has been
optimized or nearly optimized for the acceleration calculation.

These accuracyresultscan be used to evaluate the use of the GPS-
derived acceleration for the two applications for which it has been
proposed,the falling-sphereexperimentin the upper atmosphereand
the attitude determination application. In the falling sphere experi-
ment, the goal is to resolveaccelerationsdown to about 10™°-107* g
with a 7 of about 1.5 s. (This 7 value yields a vertical resolution of
2 km at a vertical velocity of 0.7 km/s: 2 km =2 X 7 X0.7 km/s).
Using the approximate theoretical formula for o,, one gets an error
standard deviation of 0.004 g at this value of 7. Thus, a stand-alone
systemis inadequate for this task evenif it is true that the SA model
in Eqgs. (5a) and (5b) overestimates acceleration errors by a factor
of 4. If differential GPS were used, however, then the SA effects
could be removed, and the expected noise level would be reduced to
O4(RCVR) \/5; the +/2 factor comes in because of the use of a second
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receiver. In this case, the theoretical standard deviation would be
4.1 X1073 g, which is clearly adequate for the task.

To evaluate accuracy for the attitude-determinationapplication,
the acceleration accuracy must be transformed into an expected
attitude accuracy. As discussed in the introduction, two-axes worth
of attitude could be deduced by comparing the sensed acceleration
vector in the body reference frame with the sensed acceleration
vector in an Earth-fixed reference frame. Recall that the sensed
accelerationis what a proof-mass accelerometer would respond to,
the differencebetween the inertial accelerationand the gravitational
acceleration.

The nominal attitude reference accuracy can be computed by
using the nominal length of the sensed acceleration vector. This
vector will have a length of 1 g in normal flight of an airplane or in
normal cruising of a ship. In turns, the sensed acceleration may be
higher. Therefore, the nominal attitude accuracy will be ¢,/9.81 rad
if o, is expressed in meters per second squared, and it will be just o,
if o, is expressed in g units. Using Fig. 1 and assuming a delay of
7 =0.1 s, the theoretical value of g, is 0.03 g. This translates into
a 1.7-deg (0.03-rad) attitude reference accuracy. The bandwidth of
this attitude reference signalis 1/t =10rad/s, which equals 1.6 Hz.
Itis not practical to use a larger bandwidth than this because of the
sharp increase in o,rcvr) that occurs when 7 decreases below a
value of 0.1 s.

V. Conclusions

A stand-alone civilian GPS receiver can be used to determine the
acceleration of a moving vehicle to reasonable accuracy. The ac-
celeration is determined, effectively, by double time differentiation
of the GPS integrated carrier phase signal. Despite the usual noise
amplification that accompanies differentiation,an experimental test
with a soundingrocketyielded a worst-caseaccelerationerrorof less
than 0.009 g for a 0.75-s differentiationtime lag. This is remarkable
when one considers that the signal contains high-frequencyreceiver
noise and a deliberately introduced noise source known as SA.

A theoretical model of the acceleration error’s dependence on
filtering time lag has been used to predict an acceleration accuracy
on the order of 0.03 g for a differentiator time lag of 0.10 s. This
level of accuracy implies that it would be possible to use the GPS-
derived acceleration vector as a two-axis attitude reference. This
reference vector has a predicted 1 — o attitude accuracy of 1.7 deg
at a bandwidth of 1.6 Hz. For acceleration applications with more
stringent accuracy requirements, lower bandwidths are required.
For very high-accuracy requirements, the effects of SA must be
removed, which requires a second, fixed receiver and operationin a
differential mode.
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